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Mechanisms of efficiency enhancement by a tapered waveguide
in gyrotron backward wave oscillators

C. S. Kou, C. H. Chen, and T. J. Wu
Department of Physics, National Tsing Hua University, Hsinchu, Taiwan

~Received 3 November 1997!

The performance of a gyrotron backward wave oscillator~gyro-BWO!, composed of a uniform waveguide
section and a down-tapered waveguide section, is studied by a large-signal self-consistent model. Results show
that the efficiency can be drastically enhanced to be 2.5 times higher than that of the gyro-BWO without
tapering. Explorations of the physical mechanisms responsible for this enhancement reveal that the effects of
the tapered section are twofold. First, the oscillation frequency becomes higher in the tapered case, leading to
a higher initial resonance mismatch. As a result, electrons can be bunched deeper in the phase space so that
most electrons can be located in the losing energy phase. Second, the reduction of the waveguide radius along
the interaction region results in a growth of the coupling between the electron beam and the wave in the region
where the wave power decays. In addition, the vulnerability of the efficiency to the velocity spread of the
electron beam can be significantly alleviated for the wave of low oscillation frequency by using the tapered
waveguide.@S1063-651X~98!00606-0#

PACS number~s!: 41.60.2m, 84.40.Fe
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I. INTRODUCTION

The gyrotron backward wave oscillator~gyro-BWO! is
based on the electron cyclotron resonance between a b
ward waveguide mode and a forward electron beam.
major attractive feature of the gyro-BWO is its frequen
tunability, which can be achieved by adjusting the magne
field or beam voltage. However, the efficiency of the gy
BWO is relatively lower than that of other gyrotron device
The main reason for this drawback is its spatial distribut
of the wave power that reaches a maximum near the entr
of the electron beam and decays along the propagation d
tion of electrons. This power profile leads to an earlier ov
bunching of electrons and a weak coupling between the w
and the electron beam.

A number of theoretical@1–7# and experimental@8–14#
studies of the gyro-BWO have been reported. In Ref.@5#, the
efficiency of the gyro-BWO has been found to be sign
cantly improved by tapering the magnetic field. Resu
found in Ref. @6# revealed that the magnetic field taperin
with a positive gradient tended to increase the initial f
quency mismatch leading to the efficiency enhancemen
Ref. @11#, a tapered interaction structure was proposed
used in the experiment, which reported an output power
factor of 2 higher than that of the uniform tube. Later,
comprehensive large signal theory has been develope
Nusinovich and Dumbrajs@7#, which can be used to analyz
the gyro-BWO with a tapered magnetic field and wavegu
wall radius. It has been found in that study that the maxim
orbital efficiency of the gyro-BWO with linearly tapered p
rameters was almost three times higher than that of the g
BWO without tapering. Meanwhile, the optimal tapering p
rameters were fully investigated to improve the efficiency

The purpose of this study is not only to characterize
performance but also to unravel the physical mechani
responsible for the efficiency enhancement of the gyro-BW
by a down-tapered waveguide. In this study, analyses
571063-651X/98/57~6!/7162~7!/$15.00
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performed by a large-signal self-consistent model, which
similar to that used in Ref.@5# except for different expres
sions. As will be shown below, the upshift of the resonan
frequency and the increased coupling between the elec
beam and the wave caused by the down-tapered waveg
can drastically enhance the efficiency of the gyro-BW
However, the optimization on the performance of a tape
gyro-BWO is not included in this study, which has alrea
been fully addressed in Ref.@7#.

II. THEORETICAL MODEL

The self-consistent large-signal model of the gyro-BW
is adopted from that of the gyrotron traveling-wave tube e
cept for different operating conditions and boundary con
tions. The theoretical model consists of equations for cal
lating the spatial evolution of the wave and the dynamics
electrons in the interaction between the wave and the e
trons. In this study, the spatial variation of the wavegu
radius is included. The procedure of the derivation is sim
to that used in Refs.@15,16# and is briefly described in the
following.

We consider an electron beam traveling through a cy
drical waveguide. An external dc magnetic field is applied
the z direction to guide the electron beam. The radiusr w of
the waveguide is a slowly varying function of the position
the z direction. The electric and magnetic fields of a circ
larly polarized TEmn waveguide mode can be expressed a

Bz5 f ~z!Jm~kmnr !exp@2 i ~vt2mu!#,

Er52
vm

crkmn
2 f ~z!Jm~kmnr !exp@2 i ~vt2mu!#,

Eu52
iv

ckmn
f ~z!Jm8 ~kmnr !exp@2 i ~vt2mu!#, ~1!
7162 © 1998 The American Physical Society
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Br5
1

kmn

d f~z!

dz
Jm8 ~kmnr !exp@2 i ~vt2mu!#,

Bu5
im

rkmn
2

d f~z!

dz
Jm~kmnr !exp@2 i ~vt2mu!#,

where kmn5xmn /r w(z) and xmn is the nth root of Jm8 (x)
50.

The electron dynamics are determined by the Lore
force, given by

dpW

dt
52eFEW 1

pW

gmc
3~BW 1BW ext!G ,

whereEW and BW are the electric and magnetic fields of th
wave andBext represents the external magnetic field, whi
must satisfy¹W •BW ext50 and can be expressed as

BW ext5Be~z!ez2
1

2

]Be

]z
rer . ~2!

By substituting Eq.~1! for E andB of the wave and Eq.~2!
into the equation of motion of the electron and following t
procedure used in Refs.@15,16#, a set of slow-time scaled
equations governing the momentum and the phase ang
each electron can be obtained:

dpz

dz
5

ep'

cpzkmn
Js2m~kmnr c!Js8~kmnr L!@F8~z!cosL

2F~z!F8~z!sin L#2
ep'

2cpz
r L

]Be

]z
,

dp'

dz
5

gmee

cpzkmn
Js2m~kmnr c!Js8~kmnr L!

3F pz

meg

dF~z!

dz
cosL2S pz

meg
2v D

3F~z!
dF~z!

dz
sin L G1

1

2

erL

c

]Be

]z
, ~3!

dL

dz
5

vgme

pz
1

dF~z!

dz

2sH meVe

pz
1

gmee

pzp'

Js2m~kmnr c!Js8~kmnr L!

3F S 2vs

kmn
2 crL

1
2pzs

gmeckmn
2 r L

dF~z!

dz
1

p'

gmec
D

3F~z!cosL2
pzs

gmeckmn
2 r L

dF~z!

dz
sin LG J ,

where L(z)5vt2sf1(m2s/2)p1(s2m)w1F(z) and
r c andr L are the guiding center radius and the electron L
mor radius. In deriving the above equation it has been
sumed thatf (z)5F(z)exp@2iF(z)#. Furthermore, the oper
ating conditions are adjusted such that thesth cyclotron
harmonic interaction becomes dominant.
z

of

-
s-

In addition to the Lorentz force, it is also useful to includ
the energy change equation for checking the accuracy of
merical calculations. It is given by

dg

dz
5

e

mec
3

p'

pz

vF~z!

kmn
Js2m~kmnr c!Js8~kmnr L!sin L.

~4!

The circuit equations that govern the spatial rate
change of the wave’s amplitude and phase of a wavegu
mode can also be derived from Maxwell’s equation, which
given by

¹2BW 2
1

c2

]2

]t2 BW 52
4p

c
¹W 3 J̃W , ~5!

whereBW is the wave’s magnetic field andJ̃W is the current.
Taking thez component of Eq.~5! and substituting Eq.~1!
for Bz , the circuit equation can be obtained, which yields

F S v2

c2 2kmn
2 DF~z!1F9~z!2F~z!F82~z!1 i @22F8~z!F8~z!

2F9~z!F~z!#G
5

8p

cCmn
E dŝ J̃'Js2m~kmnr c!Js8~kmnr L!exp~ iL!&. ~6!

In the above equation,J̃' is the transverse current corre
sponding to the rotational motion of the electron,Cmn

5pr w
2 Jm

2 (xmn)@12m2/xmn
2 #, and the term in angular brack

ets is defined by

^ f &5
1

2p E
0

2p

f dL0 . ~7!

The power flow can be evaluated by the Poynting vec
and is given by

PW w~z!5
c

8p R ds EW 3HW * 5
vCmn

8kmn
2 uF~z!u2

dFW

dz
. ~8!

The energy exchange between the electron beam and
wave at each position is given by

dPex

dz
5ReH 2E ds J̃W'•EW'

* J 5ReH 2 f * ~z!E ds J̃W'•eW'
* J ,

~9!

whereeW'
* is the unit transverse electric field. As pointed o

in Ref. @17#, the induced current resulting from the motion
charge between two electrodes is equal to2J•E1 , where the
J is current andE1 is the electric field strength when th
potential between the electrodes is held at 1 V. Similarly,
defineJd as the induced current on the microwave circuit

Jd52E ds J̃W'•eW'
* . ~10!

It can be shown thatJd is given by
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Jd5 i S xmn

r w
D 2S v

c D E dŝ J̃'Js2m~kmnr c!Js8~kmnr L!exp~ iL!&.

~11!

Thus Eq.~9! can be rewritten as

dPex

dz
5u f * ~z!uuJducosud . ~12!

uJdu andud are indications of the coupling between the ele
tron beam and wave. They will be used to provide physi
insight into the interaction in the following analysis.

In the calculation, the current is expressed as a sum
individual electron currents and is given by

J52I 0(
j

Wj

r cvz j
d~r c2r 0!~L2L j !v j , ~13!

where I 0 is the beam current andWj is a dimensionless
weighting factor of thej th electron. The effects of the axia
velocity spread of the electrons are evaluated by assumi
Gaussian distribution. It is modeled as

Wj5A expF2~pz j2pz0!2

2~Dpz!
2 G . ~14!

In the above equationA is a normalized factor andDpz is
approximately the standard derivation ofpz j from the mean
valuepz0 , assumingDpz!pz .

To obtain a steady state of the gyro-BWO interaction,
boundary conditions on each end of the interaction reg
must be satisfied. Those conditions are specified by requi
traveling-wave conditions on both ends of the tube. They
written as

d f /dz5 ik0f at z50, ~15!

d f /dz52 ik0f at z5L, ~16!

wherek05(v2/c22kmn
2 )1/2 andL is the length of the tube.

In the numerical solution of the steady state of a gy
BWO interaction, the oscillation frequency and output pow
are initially estimated. Equation~15! can then be used to
determined f /dz at z50. Thus the circuit equation and th
dynamics of electrons are self-consistently solved by
fourth-order Runge-Kutta algorithm. Finally, the solution
f at z5L is checked with Eq.~16!. The correct oscillation
frequency and output power can be found by any ro
finding algorithm. In this study, Powell’s hybrid algorithm
employed.

III. RESULTS AND DISCUSSION

As an illustration we consider an electron beam intera
ing with a TE11 waveguide mode at the first cyclotron ha
monic. The beam parameters are the beam voltageVb
580 kV, the beam currentI b52 A, a(v' /vz)51.4, and the
guiding center radius 0.105 cm. To demonstrate the eff
of using a tapered waveguide on the interaction of the gy
BWO, comparisons are made between a gyro-BWO wit
uniform waveguide and a gyro-BWO with a down-taper
waveguide as shown in Fig. 1. The uniform case is made
-
l

of

a

e
n
g

re

-
r

e

t-

t-

ts
-
a

of

a cylindrical waveguide with a radius of 0.3 cm and t
length is 6.5 cm. The tapered case consists of a unifo
waveguide section and a negatively tapered waveguide
tion. The length and radius of the uniform section are 1.5 a
0.3 cm; the radius of the tapered section linearly chan
from 0.3 to 0.24 cm within a length of 5 cm. The cuto
frequencies of a TE11 mode corresponding to the largest r
dius (r w50.3 cm) and the smallest radius (r w50.24 cm) are
29.3 and 36.6 GHz, respectively.

Figure 2 shows the output power as a function of t
magnetic field in both cases. The magnetic field is expres
in the relative amplitude to the grazing magnetic field (Bg)
for the waveguide radius equal to 0.3 cm, which is the m
netic field for the beam mode (v2kzvz2sVCO/g50) to be
tangential to the waveguide mode (v2/c22kz

22kmn
2 50).

For the uniform case, the maximum output power is 1
kW, corresponding to an efficiency of 10.5%. Meanwhi

FIG. 1. Schematic of a TE11 mode gyro-BWO with~a! a uni-
form waveguide and~b! a tapered waveguide.

FIG. 2. Output power versus the magnetic field of a gyro-BW
with a uniform waveguide~dots! and with a tapered waveguid
~triangles!. The operating parameters areVb580 kV, I b52 A, and
a51.4. The dimensions of the waveguide are shown in Fig. 1.
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the output power decreases as the magnetic field is increa
It is notable that the output power has been drastically
creased in the tapered case. The maximum power is 42
with an efficiency of 26%, which is 2.5 times higher tha
that of the uniform case. In contrast to that in the unifo
case, the output power increases with the magnetic field.
oscillation frequency versus the magnetic field is depicted
Fig. 3. The frequency of the intersection point between
beam mode and the waveguide mode in the uniform cas
also plotted. Results show that the oscillation frequency
creases with the magnetic field and is higher than the
quency of the intersection point. This result is simply due
the requirement thatv2kzvz2sVCO/g>0 for electrons to
lose their energy to the wave in the gyrotron interactio
Figure 3 illustrates that the employment of a tapered sec
causes an oscillation frequency higher than that of the u
form case.

The physical mechanism of the efficiency enhancem
by the tapered interaction structure mainly originates fro
the upshift of the oscillation frequency. As pointed out
Ref. @18#, the electron phase shift is determined by the init
resonance mismatch, as defined by

D5v1ukzuvz2VCO/g,

where a positive sign is placed before the absolute value
the wave number because a backward wave interactio
considered. Specifically, this initial resonance mismatch
termines the initial slope of the spatial evolution of the ele
tron phaseL. The larger the resonance mismatch, the stee
the slope. As a result, the electron can be inertially bunc
deeper in the phase space. For comparisons, the elec
phase trajectories of both cases forB051.35Bg are plotted in
Fig. 4. The higherv and kz in the tapered case lead to

FIG. 3. Oscillation frequency as a function of the magnetic fie
of a gyro-BWO, with a uniform waveguide~dots! and with a ta-
pered waveguide~triangles!. The operating parameters are the sam
as in Fig. 2. The frequency of the intersection point between
beam mode and the waveguide mode is plotted as squares.
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larger resonance mismatch so that electrons move faste
the phase space and form a compact bunch nearL51.7p.
Note that most electrons are confined in the losing ene
phase throughout the interaction region after forming a co
pact bunch, although they expand in the phase space. O
other hand, electrons in the uniform case form a comp
bunch nearL51.2p so that fewer electrons can remain
the losing energy phase afterward. Consequently, emplo
a tapered section can result in more net energy transfer f
the electron beam to the wave.

In addition to a better bunching process, the down-tape
interaction section can induce further effects. Figure 5
picts the spatial evolution of the wave power and the indu
current defined by Eq.~10!. In the uniform case as shown i
Fig. 5~a!, the power reaches a maximum near the elect
beam entrance and decays in the propagation direction o

e
e

FIG. 4. Spatial evolution of electron phase trajectories of a gy
BWO with ~a! a uniform waveguide and~b! a tapered waveguide.
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7166 57C. S. KOU, C. H. CHEN, AND T. J. WU
electrons. As a result, electrons are strongly modulated
the wave in the beginning of the interaction region so that
electrons are quickly bunched in a shallow losing ene
phase as illustrated in Fig. 4~a!. Consequently, fewer elec
trons can transfer their energy to the wave. It is interestin
note that the induced current, representing the coupling
tween the electron beam and the unit transverse electric fi
continues increasing after the maximum of the power a
reaches a peak in a position where the wave strength act
decays. This behavior can be interpreted by the elec
phase trajectories shown in Fig. 4~a!, which illustrates that
the electrons are compactly bunched atz>2.5 cm while the
maximum of the wave power occurs atz>1.85 cm. Al-
though electron phases become divergent afterz>2.5 cm,
the averaged electron phase moves upward into a stro
interaction phase. Nevertheless, the induced current star
decrease because the divergence of the electron phase
comes severe.

In the tapered case as depicted in Fig. 5~b!, the power
profile seems more unfavorable to the interaction because

FIG. 5. Spatial evolution of the wave power~solid line! and the
amplitude of the induced currentJd ~dashed line! of a gyro-BWO
with ~a! a uniform waveguide and~b! a tapered waveguide.
y
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maximum of the wave power occurs earlier than that in
uniform case. Meanwhile, the electrons in the tapered c
as illustrated in Fig. 4~b!, also form a compact bunch nea
z>2.5 cm, which is the same as that in the uniform ca
Thus it may be deduced that the induced current would s
to decrease even earlier than that in the uniform case. H
ever, the resonance mismatch in the tapered case bec
larger in the uniform waveguide section due to the upshift
the oscillation frequency, but it becomes increasingly sma
in the tapered section. Therefore, the coupling between
electron and the wave in the tapered case is made weak
the uniform section but becomes stronger along the tape
section than that in the uniform case. Therefore, the incre
ing of the induced current can last longer in the tapered c
It has also been shown by Eq.~11! that the amplitude of the
induced current is inversely proportional to the square of
wall radius. Consequently, more energy transfer from
electron beam to the wave in the tapered case can occu
the region where the field strength of the wave decays.

The spatial evolution of the relative phase between
wave and the induced current is depicted in Fig. 6. T
phase, denoted asud and defined by Eq.~12!, can indicate
the averaged electron phase and determines the energ
change between the wave and the electron beam. For
uniform case~solid line!, the phase starts from the gainin
energy region of the electron and gradually evolves into
losing energy region. Finally, it reaches a plateau. The
sorption of the wave energy by the electrons in the beginn
of the interaction region causes the amplitude of the w
power on the output end to drop by;13% of the maximum
power, as shown in Fig. 5~a!. On the other hand, the appea
ance of a plateau region indicates that the averaged elec
phase only slightly changes. It results from the fact that
wave strength is decaying and becomes weaker in this
gion. Therefore, the net energy exchange between the w
and the electrons is small. For the tapered case~dashed line!,
the slope of the phase variation is steeper so that it quic

FIG. 6. Phase between the induced current and the wave
function of position of a gyro-BWO with a uniform waveguid
~solid line! and with a tapered waveguide~dashed line!.
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reaches the losing energy region of the electron. Meanwhi
the initial resonance mismatch is also larger than that of th
uniform case, leading to a weaker interaction. Thus the r
duction of the power at the output end is less severe than th
in the uniform case, as shown in Fig. 5~b!. In addition, the
variations of the phase fromz51.5 cm to the end of the tube
are larger than those in the uniform case, indicating a stro
ger interaction induced by the down-tapered section.

Figure 2 also demonstrates different output power varia
tions with the magnetic field in the uniform and the tapere
cases. The decrease of the output power in the uniform ca
can be attributed to the fact that the gyrotron interactio
originates from the coupling between electrons and the tran
verse electric fields of the waveguide mode, but the rat
between the transverse electric and magnetic fields of a TEmn
waveguide mode decreases with the frequency, which is d
fined as the wave impedance and is given by

ZTE5vm0 /b,

whereb is the propagation constant. Thus the coupling be
tween the beam mode and the waveguide mode in the gy
tron becomes weaker when these two modes intersect a
higher frequency because the transverse electric field b
comes weaker. In the contrast, the wave impedance becom
increasingly larger in the tapered waveguide section. Th
process occurs at each oscillation frequency and the cut
position increases with the oscillation frequency, as depicte
in Fig. 7. Moreover, most electrons are confined in the losin
energy phase in the tapered waveguide section as illustra
above. Consequently, the effective interaction length b
comes longer for the wave of a higher frequency. In addition
the initial resonance mismatch also increases with the osc
lation frequency, which is also favored for more outpu
power as discussed above. Due to those effects, the out
power in the tapered case increases with the magnetic fie

The sensitivity of the output power to the velocity sprea
of the electron beam is shown in Figs. 8 and 9 for the un

FIG. 7. Cutoff position~dots! and the associated oscillation fre-
quency~triangles! versus the magnetic field of the gyro-BWO as
shown in Fig. 1~b!.
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form case and the tapered case, respectively. Results s
that the output power at the high-frequency side is m
vulnerable to the velocity spread than that at the lo
frequency side. For an electron beam with a 7% veloc
spread, the output power in the uniform case can be redu
by 30% at 33 GHz (B051.3Bg), while the reduction in-
creased to 45% at 35.6 GHz (B051.45Bg). This character-
istic is caused by the fact that the wave number is large

FIG. 8. Output power versus the magnetic field of a gyro-BW
with a uniform waveguide for different velocity spreads:~a!
Dvz /vz50.0%, ~b! Dvz /vz55%, ~c! Dvz /vz56%, and ~d!
Dvz /vz57%.

FIG. 9. Output power versus the magnetic field of a gyro-BW
with a tapered waveguide for different velocity spreads:~a!
Dvz /vz50.0%, ~b! Dvz /vz55%, ~c! Dvz /vz56%, and ~d!
Dvz /vz57%.
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7168 57C. S. KOU, C. H. CHEN, AND T. J. WU
the high-frequency side so that the velocity spread can
duce more deviations in the Doppler shift term of the re
nance condition. It is noticeable that the deterioration cau
by the velocity spread at the low-frequency side is sign
cantly reduced in the tapered case. For instance, for an e
tron beam with a 7% velocity spread atB051.3Bg , the re-
duction of the output power by the velocity spread can
improved from 30% in the uniform case to only 5% in th
tapered case. This dramatic improvement is possibly bec
the effective interaction length of the tapered case at
low-frequency side is much less than that of the unifo
case. As shown in Fig. 8, the cutoff position forB051.3Bg is
4.75 cm, while the interaction length of the uniform case
6.5 cm.

IV. CONCLUSION

In summary, the performance of a gyro-BWO compos
of a uniform waveguide section and a tapered wavegu
section is studied by a self-consistent large-signal mo
The output power has been found to be significantly
creased to 2.5 times higher than that of the gyro-BWO w
out tapering, consistent with the results of Ref.@7#. The
physical mechanisms of the efficiency enhancement by u
the down-tapered waveguide are twofold. First, the osci
tion frequency in the tapered case is increased, resulting
larger initial resonance mismatch. Consequently, the slop
the electron phase trajectories becomes steeper so that
trons can be bunched deeper in the phase space to get s
c
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e
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ger interactions with the wave. Moreover, most electrons
be confined in the losing energy phase even after formin
compact bunching. Second, the reduction in the wavegu
radius along the interaction region causes the coupling
tween the wave and the electron beam to increase when
tron phase trajectories start to be divergent after comp
bunching. Therefore, efficient energy transfer can still
achieved in the region where the wave strength decays.
can alleviate the unfavorable effects caused by the sp
field profile of the wave in the gyro-BWO.

The output power in the tapered case increases as
magnetic field becomes larger, while it decreases in the
form case. This behavior may be caused by that fact that
initial resonance mismatch becomes larger at the high os
lation frequency and the effective interaction length
creases with the frequency as well. Meanwhile, the sens
ity of the output power to the velocity of the electron bea
has also been studied. Results show that the output pow
the high-frequency side is more vulnerable to velocity spre
in the uniform and the tapered cases. On the other ha
significant reduction of the detrimental effects caused by
velocity spread has been observed at the low-frequency
in the tapered case.
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